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Entanglement properties of two uncoupled atoms embedded in a coherent field distribution
through one quantum transition process is studied. A case of non-linear Hamiltonian of the problem
is considered through which the effect of a non-linear media is illustrated. Moreover, the effect of
the frequency difference between the interatomic transition and the electromagnetic field is also an-
alyzed. We show that, adjusting the considered parametres of the non-linear media and frequency
difference leads to a strong control of the degree of entanglement where excellent periodicity of
entanglement evolution can be obtained which is very important in predicting the behavior of trans-
mitted information through the application of various information processing schemes. We present a
detailed and comparative study of atom-atom entanglement for two cases corresponding to different
injections of the two atoms into the cavity field. Moreover, we present an answer to the question:
How does the quantum phase space structure for a composite system relate to the entanglement
characteristics of the corresponding quantum system? We demonstrate how the entanglement in
nonlinear tripartite systems can be associated with a delocalization in the phase space distribution.
PACS numbers: 03.65.Ud, 03.67.-a, 03.67.Bg, 05.30.-d 03.67.Mn
Keywords: Coherent distribution, Nonlocal entanglement, Two qubits, one quantum process, Concurrence, Kerr
medium, Husimi Q-distribution
I. INTRODUCTION
The recent rapid development of quantum information theory has largely stimulated research on nonclassical phe-
nomena, with the main focus on the generation of entangled states that are required for tasks such as quantum
teleportation, dense coding, or certain types of quantum key distribution protocols. In recent years, there are much
interest to study entanglement of two-level systems. These systems gain such importance because of the efficiency in
representing information in most quantum information processing schemes. Particular and great interest is devoted
to the generation of entangled states in two-atom systems, since they can represent two qubits that considered the
base blocks of building the quantum gates that are essential to implement various quantum protocols. Furthermore,
there have been many proposals for generating atomic entanglement and entanglement between cavity modes through
atom-photon interaction [1–16]. Some notable experimental demonstrations have also been performed [17].
However, the physical nature of the interacting objects and the character of their mutual coupling control strongly
the degree of quantum entanglement. A number of studies have shown that entanglement can be created between to
objects which do not interact directly with each other but interact with either a common field or heat bath or thermal
cavity field [11, 15, 16, 18–20].
The formation of atom-photon entanglement and the subsequent generation of correlations between spatially sepa-
rated atoms have been shown using the micromaser [17, 21–24]. The effectiveness of micromaser [25–27] in generating
entanglement has been appreciated as it is strongly considered as a practical device for processing information. It
stores radiation for times significantly longer than the duration of the interaction with any single atom [27]. The
interaction of an atom with the intracavity field of a micromaser will, generally, leave the atom-field system in an en-
tangled state. The long cavity lifetime means that the memory of this entanglement can influence the interaction with
subsequent atoms and a nonlocal correlations between these successive atoms can be induced leading to a violation
of Bell’s inequality [27].
To our knowledge, the study of such a problem when the cavity field contains a coherent distribution is still
insufficient. The major difficulty may be due to the complex calculations and long analytical mathematics, specially
when the system Hamiltonian becomes nonlinear. We are interested in the opportunity to use the micromaser with
coherent distribution as a source of nonlocal entanglement and answer the important questions: how and to what
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2extent can the degree of atom-atom entanglement be cotrolled in these circumstances? Also, can the Husimi Q-
distribution be used as a helpful method to quantify nonlocal entanglement dynamics? When applied to a system
of two qubits, its shown that the concurrence [8] may be expressed in terms of the second moment of the Husimi
Q-function. More strikingly, when applied to a system of three qubits, the expression for the moment contains all
three bipartite concurrence terms. In this way this measure captures all classes of entanglement, not only bipartite
or otherwise [28].
Our purpose here is to trace analytically and numerically the problem of a nonlocal entanglement created between
two successive atoms (two-qubits) through surrounding the coherent cavity field with a nonlinear medium, namely,
Kerr-like medium. The Kerr medium [15, 16, 20, 29–31] can be modelled as an anharmonic oscillator with frequency
ω. Physically this model may be realized as if the cavity contains two different species of atoms, one of which behaves
like a two-level atom and the other behaves like an anharmonic oscillator in the single-mode field of frequency ω [32].
Such a model is interesting by itself. The cavity mode is coupled to the Kerr medium as well as to the two-level
atoms. A Kerr-like medium can be useful in many respects, such as detection of nonclassical states [33], quantum
nondemolition measurement [34], investigation of quantum fluctuations [35], generation of entangled macroscopic
quantum states[36, 37], and quantum information processing [38, 39].
An outline of paper is as follows: In Sec. II we describe in details the physical mechanism of the interaction and
introduce the modified model of the total system that accommodates processes such as nonlocal interaction in nonlinear
media. We obtain the wave function of the first part of interaction on which the final wave function of the total system
depends. In Sec. III, we describe the technique we are going to use in quantifying the degree of entanglement. In
addition, we calculate the the eigenvalues of the non-Hermitian operator that used to compute the mathematical form
of entanglement measure. Different kinds of atoms injection into the cavity are introduced in sections IV and V, where
the corresponding wave functions and their associated density matrix operators are computed. In Set. VI, we give
a little historical review about the Husimi Q-function, where that function is calculated for different circumstances
separately with detailed discusion included. Our concluding remarks are shown in Set. VII.
II. THE FULL SYSTEM AND ITS SOLUTION
We consider two two-level atoms with the same transition frequency traverse a high Q (Q ≈ 109) single mode cavity
one after the other. The flight time of the atoms is, however, long enough so that there is no appreciable overlap
between the atomic wave functions [11, 16, 27, 40–45]. With this assumption we ignore the possibility of energy
exchange between the atoms, although, secondary correlations develop between them. The entanglement of their
wave functions with the cavity photons can be used to formulate local-realist bounds on the detection probabilities
for the two atoms [27, 41]. The generation of nonlocal correlations between the two atomic states emerging from the
cavity can in general be understood using the Horodecki theorem [46]. It is assumed that the atom field interaction
time is shorter than the lifetime of the cavity, so that the cavity relaxation will not be considered. The cavity field
is assumed to be filled with a nonlinear medium, namely, Kerr medium [15, 16, 20, 29–31]. Also, it is assumed that
the eigenfrequency of the atomic subsystem differs from that of cavity field subsystem. Under the rotating wave
approximation (TWA), the Hamiltonian in the interaction picture (assuming that ~ = 1)
Ĥint =
∆
2
σ̂z + f(χ, n̂) + λ
(
σ̂− â
† + σ̂+ â
)
, (1)
where f(χ, n̂) = χ(n̂2 − n̂) represents the nonlinear term with,
f(χ, n̂) | n〉 = [χ(n2 − n)] | n〉 = f(χ, n) | n〉, (2)
where â (â†) is bosonic annihilation (creation) operator for the single mode field of frequency ω and λ is atoms-field
coupling constant, the operators σ̂+ = |+〉〈−| , σ̂− = |−〉〈+| and σ̂z = |+〉〈+| − |−〉〈−| represent, respectively,
the raising, lowering and population atomic operators which obey the commutation relations [σ̂+, σ̂−] = σ̂z, while
∆ = ω0 − ω is the detuning parameter which represents the difference between the atomic and cavity subsystems
eigenfrequencies. We denote by χ the dispersive part of the third order susceptibility of the Kerr-like medium [15, 16,
20, 29–31].
Since the state vector, |ψF (0)〉, of the field is represented by a linear superposition of the number state |n〉
|ψF (0)〉 =
∞∑
n=0
Cn|n〉, (3)
and the first atom that traverse the cavity is assumed in its upper state | +〉, i. e.,
|ψA(0)〉 =| +〉 (4)
3the initial state vector of the interacting first-atom-field system is given by
|ψAF (0)〉 = |ψA(0)〉 ⊗ |ψF (0)〉 =
∞∑
n=0
Cn|n,+〉, (5)
where |n〉 is an eigenstate of the number operator â†â = n̂; â†â|n〉 = n|n〉, and Cn is, in general, complex where the
square of its modulus gives the probability of the coherent field, with mean photon |α|2 = n¯, to have n photons by
the relation
P (n) = |〈n|ψF (0)〉|2 = |Cn|2 = e−n¯ n¯
n
n!
. (6)
Under the assumption that, first atom traverse the cavity in its upper state | +〉, the joint state vector of the field and
the first atom at any instant of time t can be obtained from the solution of the time-dependent Schro¨dinger equation
i
d
dt
|ψAF (t)〉 = Ĥ |ψAF (t)〉. (7)
The time-dependent wave function of the first-atom-field system takes the form
|ψAF (t)〉 =| Un+(t)〉+ | Un+1− (t)〉 (8)
which can be simply obtained by recalling the initial condition (5) and solving the Schro¨dinger equation (7), where
| Un+(t)〉 =
∞∑
n
Cn Γ1(n, t) |n,+〉, (9)
| Un+1− (t)〉 =
∞∑
n
Cn Γ2(n+ 1, t) |n+ 1,−〉, (10)
with the amplitudes Γ1(n, t) and Γ2(n+ 1, t) are, respectively, given by
Γ1(n, t) =
2∑
j=1
Fj(n)e
iµj(n)t, (11)
and
Γ2(n+ 1, t) = −
2∑
j=1
Fj
µj(n) + α(n)
λ
√
n+ 1
eiµj(n)t, (12)
with Fj(n) is given by
Fj =
µk(n) + α(n)
µkj(n)
, k 6= j = 1, 2, (13)
where the angles µ1,2(n) are given by
µ1,2(n) = −α(n) + γ(n)
2
±
√(
α(n)− γ(n)
2
)2
+ λ2(n+ 1). (14)
with α(n) and γ(n) read, respectively
α(n) =
∆
2
+ χn(n− 1), (15)
γ(n) = −∆
2
+ χn(n+ 1). (16)
4As already indicated above, we consider a pair of two-level atoms going through the cavity mode one after another.
Moreover, under the assumption that time of flight through the cavity t is the same for every atom [11, 16, 27, 40–45],
where the joint state vector of both atoms and the field may be denoted by |ψAAF (t)〉, the corresponding atom-atom-
field pure-state density operator may be written as
ρAAF (t) = |ψAAF (t)〉〈ψAAF (t)|, (17)
where, the joint time-evolved wave vector, |ψAAF (t)〉, of the tripartite system, i.e., the two atoms and the cavity field
after the second atom leaves the cavity is obtained by solving the Schro¨dinger equation
i
d
dt
|ψAAF (t)〉 = Ĥint|ψAAF (t)〉. (18)
It is worth to note that within the delay time between the two atoms the field evolves towards a thermal steady state,
moreover, repetition of the instant in which the later atoms enter the cavity means the same field repeats at this
instants precisely when successive atoms exit the cavity [25].
In order to quantify the degree of entanglement between the two atoms, the field variables must be traced out. One
may write the reduced mixed-state density matrix of the two atoms after taking the trace over the field variables as
ρAA(t) = TrF [ρAAF (t)]. (19)
Matrix representation of the reduced density operator, Eq. (19) becomes
ρAA(t) =
 ρ11 ρ12 ρ13 ρ14ρ21 ρ22 ρ23 ρ24ρ31 ρ32 ρ33 ρ34
ρ41 ρ42 ρ43 ρ44
 , (20)
III. ENTANGLEMENT MEASURE
For bipartite pure states, the partial (von Neumann) entropy of the reduced density matrices can provide a good
measure of entanglement. However, for mixed states von Neumann entropy fails, because it can not distinguish
classical and quantum mechanical correlations. For mixed states, the entanglement can be measured as the average
entanglement of its pure-state decompositions EF (ρ)
EF (ρ) = min
∑
i
piE(ψi), (21)
with E(ψi) being the entanglement measure for the pure state ψi corresponding to all the possible decompositions
ρ =
∑
i pi|ψi〉〈ψi|. The existence of an infinite number of decompositions makes their minimization over this set
difficult. Wootters [8] succeeded in deriving an analytical solution to this difficult minimization procedure in terms
of the eigenvalues of the non-Hermitian operator
T = ρρ˜, (22)
where the tilde denotes the spin-flip of the quantum state, which is defined as
ρ˜ = (σx ⊗ σx)ρ∗(σx ⊗ σx), (23)
where σx is the Pauli matrix, and ρ
∗ is the complex conjugate of ρ where both are expressed in a fixed basis such as
{|+〉, |−〉}.
In terms of the eigenvalues of T = ρρ˜, EF (ρ) (known as the entanglement of formation) takes the form
EF (ρ) = h
[
1
2
+
1
2
√
1− C2(ρ)
]
, (24)
where C(ρ) is called the concurrence and is defined as
C(ρ) = max
(
0,
√
E1 −
√
E2 −
√
E3 −
√
E4
)
, (25)
5with the E ’s representing the eigenvalues of T = ρρ˜ in descending order, and,
h(y) = −y log y − (1 − y) log(1− y), (26)
is the binary entropy. The concurrence is associated with the entanglement of formation EF (ρ), Eq.(24), but it is by
itself a good measure for entanglement. The range of concurrence is from 0 to 1. For unentangled atoms C(ρ) = 0
whereas C(ρ) = 1 for maximally entangled atoms.
Recalling (23) and assuming that that the matrix T = ρAA(σx ⊗ σx)ρ∗AA(σx ⊗ σx), needed for calculation of the
concurrence, has the form
T =
 T11 T12 T13 T14T21 T22 T23 T24T31 T32 T33 T34
T41 T42 T43 T44
 , (27)
the next step is to find the eigenvalues of the above matrix T . To achieve our goal, we are supposed to solve the
characteristic equation of
Det(T − EI) = 0, (28)
Equation (28) is a polynomial equation of degree 4
E4 + c3E3 + c2E2 + c1E + c0 = 0, (29)
with
c3 = −T11 − T22 − T33 − T44, (30)
c2 = −|T13|2 − |T14|2 − |T12|2 − |T34|2 − |T24|2 + (T11 + T22)(T33 + T44) + T11T22 + T33T44, (31)
c1 = |T12|2(T33 + T44) + |T23|2(T11 + T44)|T24|2(T11 + T33) + |T34|2(T11 + T22)|T13|2(T22 + T44) + |T14|2(T22 + T33)
−ℜ(T23T34T42)−ℜ(T21T32T13)− ℜ(T21T42T14)−ℜ(T31T14T43)− T11(T11T33 + T22T33 + T11T22), (32)
c0 = T11T22T33T44 + |T13|2|T24|2 + |T14|2|T23|2 − T11T22|T34|2 − T11T44|T23|2 − T33T44|T12|2
− T11T33|T24|2 − T22T33|T14|2 + T11ℜ(T32T24T43) + T22ℜ(T31T14T43) + T33ℜ(T21T42T14) + T44ℜ(T32T13T43)
−ℜ(T21T32T14T43)−ℜ(T21T42T13T34)−ℜ(T31T42T14T23). (33)
The roots of Eq.(29) are as follows
E1 = −1
4
[
c3 −
√
W
3
− 4O
]
(34)
E2 = −1
4
[
c3 −
√
W
3
+ 4O
]
(35)
E3 = −1
4
[
c3 +
√
W
3
− 4N
]
(36)
E4 = −1
4
[
c3 +
√
W
3
+ 4N
]
(37)
6with
O =
1
2
√
O1 +O2 +O3
6
(38)
N =
1
2
√
O1 +O2 −O3
6
(39)
where
O1 = 3c
2
3 − 8c2 − V 1/3 (40)
O2 = 4V
−1/3[3c1c3 − 12c0 − c22] (41)
O3 =
√
3
w
[4c3c2 − c33 − 8c1] (42)
and
V = V1 +
√
V2 + V3 + V4 + V5
144
(43)
with
V1 = 8c
2
2 + 36[3(c
2
1 + c0c
2
3)− c1c2c3 − c0c2] (44)
V2 = −54c2[c0c1c33 + c31c3 + 8c0(c21 + c0c23)] (45)
V3 = 3c1c3[2c0(4c
2
2 + 3c1c3)− c1c22c3] (46)
V4 = 12[(c1c3)
3 + 4c0c
2
2(8c0 − c22) + c32(c21 + c0c23)] (47)
V5 = c
2
0[81c
4
3 + 576c1c3 − 768cc] (48)
and
W =W1 +W2 (49)
where
W1 = 3c
2
3 − 8c2 + 2V 1/3 (50)
W2 = 8V
−1/3[c22 + 3(4c0 − c1c3)] (51)
In the following we consider two different cases of injection of the second atom into the cavity subsystem that give
us clear insight into the mechanism of how and to what extent the degree of entanglement can be controlled and
enhanced.
7IV. INJECTION OF TWO EXCITED ATOMS SUCCESSFULLY
In this case, the time dependent state vector of the full system can be expressed in the form
|ψAAF (t)〉 =
∣∣∣∣U ++ (t)
〉
| n〉+
∣∣∣∣U +− (t)
〉
| n+ 1〉+
∣∣∣∣U −+ (t)
〉
| n+ 1〉+
∣∣∣∣U −− (t)
〉
| n+ 2〉, (52)
which can be simply obtained by solving the Shro¨dinger equation (18), where∣∣∣∣U ++ (t)
〉
=
∑
n
Cn [Γ1(n, t)]
2
∣∣ ++ 〉, (53)
∣∣∣∣U +− (t)
〉
=
∑
n
Cn Γ1(n, t)Γ2(n+ 1, t)
∣∣ +− 〉, (54)
∣∣∣∣U −+ (t)
〉
=
∑
n
Cn Γ1(n+ 1, t)Γ2(n+ 1, t)
∣∣ −+ 〉, (55)
∣∣∣∣U −− (t)
〉
=
∑
n
Cn Γ2(n+ 1, t)Γ2(n+ 2, t)
∣∣ −− 〉, (56)
Using (17) to obtain the full density operator and after the application of (19) to obtain the reduced atomic density
operator which can be put, after using the notations
∣∣ ++ 〉 ≡| 1〉, ∣∣ +− 〉 ≡| 2〉, ∣∣ −+ 〉 ≡| 3〉, ∣∣ −− 〉 ≡| 4〉, in the form
ρAA(t) =
4∑
i,j=1
ρij(t)|i〉〈j|, (57)
where
ρ11(t) =
∑
n
∣∣Cn∣∣2∣∣Γ1(n, t)∣∣4, (58)
ρ12(t) =
∑
n
Cn+1C∗n
[
Γ1(n+ 1, t)
]2
Γ∗1(n, t)Γ
∗
2(n+ 1, t), (59)
ρ13(t) =
∑
n
Cn+1C∗n
∣∣Γ1(n+ 1, t)∣∣2Γ1(n+ 1, t)Γ∗2(n+ 1, t), (60)
ρ14(t) =
∑
n
Cn+2C∗n
[
Γ1(n+ 2, t)
]2
Γ∗2(n+ 1, t)Γ
∗
2(n+ 2, t), (61)
ρ22(t) =
∑
n
∣∣Cn∣∣2∣∣Γ1(n, t)∣∣2∣∣Γ2(n+ 1, t)∣∣2, (62)
ρ23(t) =
∑
n
∣∣Cn∣∣2∣∣Γ2(n+ 1, t)∣∣2Γ1(n, t)Γ∗1(n+ 1, t), (63)
ρ24(t) =
∑
n
Cn+2C∗nΓ1(n+ 1, t)Γ
∗
2(n+ 1, t)
∣∣Γ2(n+ 2, t)∣∣2, (64)
8ρ33(t) =
∑
n
∣∣Cn∣∣2∣∣Γ1(n+ 1, t)∣∣2∣∣Γ2(n+ 1, t)∣∣2, (65)
ρ34(t) =
∑
n
Cn+2C∗nΓ1(n+ 1, t)Γ
∗
2(n+ 1, t)
∣∣Γ2(n+ 2, t)∣∣2, (66)
ρ44(t) =
∑
n
∣∣Cn∣∣2∣∣Γ2(n+ 1, t)∣∣2∣∣Γ2(n+ 2, t)∣∣2, (67)
For χ = ∆ = 0.0, the results reported in Ref. [11] are straightforward obtained, which analyzed in details but for low
and high average photon number n¯.
In order to discuss the dynamical feasibility of our scheme in the micromaser regime, in which the lifetime of the
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FIG. 1: The concurrence C(λt/pi) (solid red curve) and the total population ρ22(λt/pi) + ρ33(λt/pi) (dashed blue curve) for
n¯ = 10, δ = 0.0 where (a) χ/λ = 0.0 (b) χ/λ = 0.2 (c) χ/λ = 0.5 (c) χ/λ = 1.0
cavity is longer than atom field interaction time, the concurrence C(λt/pi) and the corresponding total population
ρ22(λt/pi) + ρ33(λt/pi), as a reference state, are depicted simultaneously in figures 1, 2 and 3 for the Rabi angle
λt/pi ∈ [0, 16]. The mean photon number n¯ is taken about n¯ = 10, the detuning parameter δ = ∆/λ carries various
values such as δ = 0.0, 0.5, 1, 10, 15 and 20, while the Kerr parameter χ/λ varies such as χ/λ = 0.0, 0.2, 0.5 and
χ/λ = 1.0. From Fig. 1a, where the interaction occurs resonantly in the absence of the nonlinear media, one can
see clearly that the concurrence C exhibits irregular collections of oscillations where the total population oscillates
but with amplitudes maximize (no longer exceed the value 0.25) when ρ22 + ρ33 ≈ 0.4; the atoms in the mixed state∣∣ +− 〉 + ∣∣ −+ 〉. Thus, the lack of the entanglement between the two atoms can be attributed to a large population of
the product states
∣∣ +− 〉 and ∣∣ −+ 〉 which, in turn, decay on the same time scale as C. For significantly high average
photon number n¯, it was shown that [11], quantum effects which are predominant primarily when the photon number
is low, help to increase the peak value of the concurrence C.
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FIG. 2: The same as Fig. 1 but for χ/λ = 0.0 where (a) δ = 0.5 (b) δ = 1.0 (c) δ = 10.0 (d) δ = 15.0 (e) δ = 20
On resonance interaction between the atoms and a cavity filled with a Kerr medium of a parameter of order 10−1λ,
such as χ = 0.2λ, the total population shows pseudo periodical behavior with amplitudes minima decrease as time
evolves where the revival period, tR, elongates as time goes on. The concurrence C loses its irregular collections where
instant oscillations appear after wide time intervals accompany with amplitudes decrease (≈ 0.3 in the beginning) as
evolves , Fig. 1b. A significant and interesting distinction in the case when χ = 0.5λ is that both C and ρ22 + ρ33
display a perfect pi periodicity of oscillations. The total population ρ22 + ρ33 exhibits collapses and revivals with the
revival period tR is shorter and each revival is a perfect carbon copy of its predecessor. The concurrence C shows
oscillation packets composed of three peaks with the strongest,= 2.5, lies at the center where the total population
collapses. Moreover, the concurrence C minimizes where the total populations ρ22 + ρ33 revives while the strong
entanglement and collapse of population occur in parallel manner, see Fig. 1c. This periodicity is due to the fact that
analytical expressions of both C and ρ22+ρ33 can be summed exactly. Thus, the matching value of the Kerr parameter
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FIG. 3: The same as Fig. 2 but when χ = 0.5 and (a) δ = 1.0 (b) δ = 10.0
plays more efficient rule than that of quantum effects that leads to increase the peak value of the concurrence C [11].
Opposite results are obtained when a considerable strength of the Kerr medium is applied to the cavity field. In this
case, a pseudo periodicity for C is observed where the total population preserves its periodicity accompanied with
clear decreasing in its amplitudes. In addition, one can’t build a clear insight about the relation between curves of
both C and ρ22 + ρ33, Fig. 1d. Thus, from the above it is found that the Kerr medium can be used to adjust the
entanglement degree between qubits, which may provide some reference and even basis for the quantum control of
multiple qubits.
A surprise is that the case of a non-resonance interaction does not destroy the entanglement phenomenon, see Fig.
2. For small detuning such that δ = 0.5, there is no significant change, Fig. 2a, but when δ increases to unity, the
correlations time between the atoms becomes longer with the gradual appearance of nonzero values of C, see Fig. 2b.
Strictly speaking, the destruction of entanglement occurs for the case when the detuning parameter δ is absent but
not the Kerr parameter χ/λ, Fig. 1d.
The most intersting and surprising is the case when the inter-atomic transition is considered to be significantly
high compared with the cavity frequency such that δ = 10.0, 15.0 and 20.0 where the nonlinear media is considered
to be absent. This is revealed in Figs. 2c-e. We see that the total population exhibits the known collape and revival
phenomena periodically. Also, we notice that for the increase of detuning parameter δ, the collapses become longer
and the beginning strong overlap of the revivals becomes weaker; while the amplitude of the revivals decreases as
values of δ increase. The entanglement evolution divided into three regions. The first one is at the half of the
collapse time, where the entanglement degree oscillates with bigger amplitude for short time scale. The oscillation
maximum is related crucially to the value of δ, where it occurs at time λt = ( δ2 + 1)pi. The last two regions
are in the beginning and end of the collape time. In this case, we see that the atom-atom entanglement remain
close to its maximum and show intrinsic oscillations only. This is in fact is true for all values of the detuning
parameter. The detuning between the field and the atoms leads to an emergence of collapses and revivals, this
statement is always true only in the absence of the nonlinear media, see Figs. 2c-e. Overall, we find that the
detuning parameter acts as a control parameter for the atom-atom entanglement, where a perfect periodicity can
be obtained for suitable high detuning. The revival of the entanglement at time λt = ( δ2 + 1)pi is more easily
understood by reference to the density matrix of the system. As expected, there is no entanglement before the
populations of the state
∣∣ +− 〉 + ∣∣ −+ 〉 and the state ∣∣ ++ 〉 + ∣∣ −− 〉 depopulates, but some entanglement appears
for longer times, Figs. 2b-e, and the concurrence becomes equal to the population of the state
∣∣ +− 〉+∣∣ −+ 〉, see Fig. 1c.
V. INJECTION OF A GROUND ATOM AFTER THE EXCITED ONE
In this case, the time dependent state vector of the full system can be expressed in the form
|ψAAF (t)〉 =
∣∣∣∣S +− (t)
〉
| n〉+
∣∣∣∣S ++ (t)
〉
| n− 1〉+
∣∣∣∣S −− (t)
〉
| n+ 1〉+
∣∣∣∣S −+ (t)
〉
| n〉, (68)
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where ∣∣∣∣S +− (t)
〉
=
∑
n
Cn Γ1(n, t)Γ
∗
1(n− 1, t)
∣∣ +− 〉, (69)
∣∣∣∣S ++ (t)
〉
=
∑
n
Cn Γ1(n, t)Γ2(n, t)
∣∣ ++ 〉, (70)
∣∣∣∣S −− (t)
〉
=
∑
n
Cn Γ∗1(n+ 1, t)Γ2(n+ 1, t)
∣∣ −− 〉, (71)
∣∣∣∣S −+ (t)
〉
=
∑
n
Cn [Γ2(n+ 1, t)]
2
∣∣ −+ 〉, (72)
Following the same procedure as in the previous section, and after using the notations
∣∣ +− 〉 ≡| 1〉, ∣∣ ++ 〉 ≡| 2〉,∣∣ −− 〉 ≡| 3〉, ∣∣ −+ 〉 ≡| 4〉, the elements of the reduced atomic density matrix (57) read
ρ11(t) =
∑
n
|Cn|2|Γ1(n, t)|2|Γ1(n− 1, t)|2, (73)
ρ12(t) =
∑
n
CnC∗n+1Γ1(n, t)Γ
∗
1(n− 1, t)Γ∗1(n+ 1, t)Γ∗2(n+ 1, t), (74)
ρ13(t) =
∑
n
Cn+kC∗n|Γ1(n, t)|2Γ1(n+ 1, t)Γ∗2(n+ 1, t), (75)
ρ14(t) =
∑
n
|Cn|2Γ1(n, t)Γ∗1(n− 1, t)[Γ∗2(n+ 1, t)]2, (76)
ρ22(t) =
∑
n
|Cn|2|Γ1(n, t)|2|Γ2(n, t)|2, (77)
ρ23(t) =
∑
n
Cn+2C∗nΓ1(n+ 2, t)Γ2(n+ 2, t)Γ1(n, t)Γ
∗
2(n+ 1, t), (78)
ρ24(t) =
∑
n
Cn+2C∗n|Γ2(n+ 1, t)|2Γ1(n+ 1, t)Γ∗2(n+ 1, t), (79)
ρ33(t) =
∑
n
|Cn|2|Γ1(n, t)|2|Γ2(n+ 1, t)|2, (80)
ρ34(t) =
∑
n
CnC∗n+1Γ∗1(n, t)Γ2(n+ 1, t)[Γ
∗
2(n+ 2, t)]
2, (81)
ρ44(t) =
∑
n
|Cn|2|Γ2(n+ 1, t)|4, (82)
To better understand the situation and gain clearer insight into the entanglement dynamics, hereafter we shall analyze
12
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FIG. 4: The concurrence C(λt/pi) (solid red curve) and the total population ρ22(λt/pi) + ρ33(λt/pi) (dashed blue curve) for
n¯ = 10, δ = 0.0 where (a) χ/λ = 0.0 (b) χ/λ = 0.2 (c) χ/λ = 0.5 (c) χ/λ = 1.0
the evolution of the concurrence C(λt/pi) and the total populations ρ22(λt/pi)+ρ33(λt/pi) where the parametres remain
as the same in the past section.
Generally, a similar conclusion is reached for the present case but with considerable distinctions in its details.
As in the case of two excited atoms, there is no initial entanglement between the atoms, and at early times the
entanglement builds up rapidly to a maximum appearing at short time λt ≈ 2.5pi, Fig. 4a. However, comparing
with the case of two successive excited atoms, shown in the previous section, we see that the entanglement maxima
that obtained in the present case are generally lower than that obtained with two successive excited atoms, see
Figs. 1-3 and 4-6. It is interesting to note that after passing through the maximum, the entanglement decays with
two different time scales, Figs. 2 and 5. This effect is more pronounced if we choose the interaction with atoms to
be initially in different quantum states. Thus, atom-atom entanglement depends crucially on the coherent transfer
of the population between the atoms states, specially in the presence of a nonlinear media as well as the detuning
parameter δ. In this process, the population is efficiently transferred from the more populated state,
∣∣ ++ 〉+ ∣∣ −− 〉 to
the state,
∣∣ +− 〉+ ∣∣ −+ 〉 before it decays to the initial state leading to the enhancement of the entanglement.
VI. PHASE SPASE DISTRIBUTION
We devote this section to concentrate on a function, which considered an important one of the functions,W , (Husimi)
Q, and (Glauber-Sudershan) P functions, that is the Husimi Q-function which has the nice property of being always
positive and further advantage of being readily measurable by quantum tomographic techniques [51, 52]. It has been
shown from earlier studies [47–50] that these quasi-probability functions are important for the statistical description
of a microscopic system and provide insight into the nonclassical features of the radiation fields. The homodyne
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FIG. 5: The same as Fig. 4 but for χ/λ = 0.0 where (a) δ = 0.5 (b) δ = 1.0 (c) δ = 10.0 (d) δ = 15.0 (e) δ = 20
measurement of an electromagnetic field gives all possible linear combinations of the field quadratures. The average of
the random outcomes of the measurement is connected with the marginal distribution of any quasi-probability used
in quantum optics. In fact, Husimi Q-function is not only a convenient tool to calculate the expectation values of
anti-normally ordered products of operators, but also to give some insight into the mechanism of interaction for the
model under consideration. The relation between the phase-space measurement; Husimi Q-function; and the classical
information-theoretic entropy associated with quantum fields was introduced by Wehrl [53], which referred to as the
Shannon information of the Husimi Q-function. Thus, Husimi Q-function can be related to quantum entanglement in
different approaches [53–60]. Furthermore, separable state is represented by a localized wave packet in phase space.
Since coherent states are the most localized states in the Husimi representation, it is argued that [28] delocalization
of the Husimi distribution implies correlation-hence entanglement- between system particles.
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FIG. 6: The same as Fig. 5 but when χ = 0.5 and (a) δ = 1.0 (b) δ = 10.0
The Husimi Q-function can be given in the form as [50, 61, 62]
Q(α) =
〈α | ρF | α〉
pi
, (83)
where ρF is the reduced density operator of the cavity field given by tracing over the atomic variables of the full
density operator (17). The state | α〉 represents the well-known coherent state with amplitude α = X + iY . Inserting
the obtained ρF into Eq. (83), we can easily obtain the Husimi Q-function of the cavity field
Q =
1
pi
(〈α, ++ | ρF | α, ++ 〉+ 〈α, −− | ρF | α, −− 〉), (84)
where
| α〉 = e−|α0|2/2
∞∑
n=0
αn0√
n!
, (85)
A. Injection of two excited atoms one by one
In this case, the Q-function is given by
Q =
1
pi
(∣∣∣∣〈α, ++ ∣∣∣∣U ++ , n
〉∣∣∣∣2 + ∣∣∣∣〈α, −− ∣∣∣∣U −− , n+ 1
〉∣∣∣∣2), (86)
where for the states | ++ 〉 and | −− 〉, ρF reads
ρF =
∣∣∣∣U ++ (t), n
〉〈
U ++
(t), n
∣∣∣∣+ ∣∣∣∣U −− (t), n+ 1
〉〈
U −− (t), n+ 1
∣∣∣∣, (87)
in this case 〈
α, ++
∣∣∣∣U ++ (t), n
〉
= e−(|α|
2+|α0|
2)/2
∑
n
(α0α
∗)n
n!
[Γ1(n, t)]
2, (88)
〈
α, −−
∣∣∣∣U −− (t), n+ 1
〉
= e−(|α|
2+|α0|
2)/2
∑
n
(α0α
∗)nα∗2√
n!(n+ 2)!
Γ2(n+ 1, t)Γ2(n+ 2, t), (89)
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FIG. 7: Conour plots for Husimi Q-function for n¯ = 10, δ = 0.0, λt = 5pi/3 where (a) χ/λ = 0.0 (b) χ/λ = 0.2 (c) χ/λ = 0.5
(d) χ/λ = 1.0
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FIG. 8: The same as Fig. 7 but when δ = 10.0 and (a) χ/λ = 0.0 (b) χ/λ = 1.0
α = X + iY. (90)
Here, we present a detailed analytical discussion about how the Husimi Q-function plays an important role in
quantifying atom-atom entanglement. For this reason, we have pictured the numerical results obtained as contour
plots in figures 7-9. The parameters was considered as follows: the average photon number n¯ is kept fixed for all plots
such as n¯ = 10, the detuning parameter carries values such as δ = 0.0, 10.0, and the Kerr parameter χ/λ varies as
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FIG. 9: The same as Fig. 7 but for χ/λ = 0.5 where (a) λt = pi/6 (b) λt = pi/4 (c) λt = pi/3 (d ) λt = pi/2
χ/λ = 0.0, 0.2, 0.5, 1.0, where the Rabi angle λt = 5pi/3 is kept fixed for figures 7 and 8, while for figure 9 it changes
as λt = pi/6, pi/4, pi/3, pi/2, where the Kerr parameter χ/λ is half integer.
Form figure 7, by which we examine the effect of the Kerr parameter χ/λ at a fixed Rabi angle λt = 5pi/3, we
observe that, in the absence of the Kerr parameter, Fig. 7a, the Husimi Q-function composed of three components,
two blobs centered at the points (0, ±4) and a symmetric circular peak (Poisson band) centered at the point (4, 0)
and strongly localized in the right half of the available phase space, i.e., the interaction region [63], once more, the
squeezing effect on the number of photons can be observed from the figure. Experimental and theoretical studies
showed that squeezing of matter wave fields (squeezed states) is closely related to entanglement [64–70]. Moreover,
we observe that the Husimi distribution blobs delocalized almost around the right half of the phase space, i. e., the
interaction region of phase space and have structures with almost positive density throughout the available phase
space. It is worth to note that the bifurcating of the blobs corresponds to the collapse. This can be clearly seen if we
compare the numerical calculations for total populations and Q-function. It was shown that the bifurcation of the
Husimi distribution, which is the signature of the formation of Schro¨dinger cat states, implies correlation, and hence
entanglement [28, 58, 59, 71–74], see also Fig. 1a. As soon as the effect of the Kerr medium is considered, a clear
difference in the figures shape appears, where the sensibility of the Husimi Q-function with the nonlinearity parameter
χ/λ is very intersting. We observe that the Husimi distribution is taken gradually towards the non-interaction region,
namely, left half of the available phase space, where we observe that the two blobs rotating in the complex coherent
state parameter plane in the counterclockwise directions with the same speed where two overlapping regions appear
with both terms are appreciably vanishing. But note also that the intersection areas with this prescription are not
in the same position. Upon the increase of the Kerr parameter then one can observe that the overlapping becomes
dominant and the Husime distribution are taken completely into the interaction region. As a consequence, strong
entanglement degree between the two atoms can be built up at that time, see Figs. 1c and 7c. The conclusion will
be extremely interesting when we look at the behaviors of both the concurrence C and the Husimi distribution once
the Kerr medium is taken into account, specially at the moment when the Kerr medium becomes strong at which
entanglement diminishes and the Husimi distribution is strongly localized and taken into non-interaction region again,
Figs. 1d and 7d. It is important to note that, localization of the Husimi distribution around a fixed point implies low
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degree of entanglement [28, 74].
Our observations will become clear when we look at the behaviors of both the concurrence C and the Husimi
distribution at the moment when detuning parameter possesses a value. The results showed in Figs. 2c, 3b and 8. A
clear delocalization of the Husimi distribution but into the right half of phase space, the interaction region, corresponds
to longer time interval of entanglement, Figs. 2c and 8a, while the opposite is true, Figs. 3b and 8b. An extremely
interesting observations can be obtained when we consider various values of the Rabi angle λt, while the nonlinear
media is switched on. The results show strongly the role that the Hisimi distribution play in quantifying entanglement,
where at all moments but not λt = pi/2, once the suitable Kerr parameter is chosen, stronger entanglement can be
built up since the Husimi distribution is delocalized but completely spreads between two or three points into the right
half of phase space, the interaction region, see also Fig. 1c.
B. Injection of excited and ground atoms one by one
In this case, for the states | ++ 〉 and | −− 〉, ρF reads
ρF =
∣∣∣∣S ++ (t), n− 1
〉〈
S ++
(t), n− 1
∣∣∣∣+ ∣∣∣∣S −− (t), n+ 1
〉〈
S −− (t), n+ 1
∣∣∣∣. (91)
The Q-function is given by
Q =
1
pi
(∣∣∣∣〈α, ++ ∣∣∣∣S ++ , n− 1
〉∣∣∣∣2 + ∣∣∣∣〈α, −− ∣∣∣∣S −− , n+ 1
〉∣∣∣∣2), (92)
where 〈
α, ++
∣∣∣∣S ++ (t), n− 1
〉
= e−(|α|
2+|α0|
2)/2
∑
n
(α0α
∗)nα0√
n!(n+ 1)!
Γ1(n+ 1, t)Γ2(n+ 1, t), (93)
〈
α, −−
∣∣∣∣S −− (t), n+ 1
〉
= e−(|α|
2+|α0|
2)/2
∑
n
(α0α
∗)nα∗√
n!(n+ 1)!
Γ∗1(n, t)Γ2(n+ 1, t), (94)
To obtain clearer insight about the efficiancy of the Husimi Q-function in quantifying entanglement, a comparative
discusion will be important. Here we examine the behavior of the Husimi function under the same circumstances of
parameters as in the previous section. This is illustrated in figures 10-12. Generally, the Husimi Q-function developed
in manner similar to that observed previousley with slight change such that the localized Poisson band barely appear
which means that nonclassical effect is not pronounced. In this case the entanglement between the two atoms doesn’t
live much more in opposite to the case of two successive excited atoms, where entanglement does appear at almost
the whole time scale, see Figs. 1a, 4a, 7a, 10a. The case when we turn on the nonlinear media is also intersting.
The Husimi distribution moves quickly towards the non-interaction region once the a weak Kerr medium is switched
on, while a strong localized Poisson band appear clearly in the interaction region which reflects small probability of
interaction and so lesser times of entanglement, see Figs. 4b, 10b. The suitable choice of the Kerr parameter push
the Husimi distribution towards the interaction region again, which means stronger entanglement appears at longer
times, Figs. 4c, 10c. There is no something interesting in case when the nonlinear media is strong, where almost the
same behavior was seen before, for comparison see Figs. 1d, 4d, 7d, 10d.
However, the effect of the detuning parameter δ is quite differente, specially in the presence of strong nonlinear
media. In such a case, the Husimi distribution displays a strong delocalization and spreads between two points in the
right half of the phase space in case of zero-value nonlinear media accompanied with a significant density throughout
the available phase space. Moreover, overlapp takes place and the squeezing effect on the number of photons occurs can
be observed. The strong Kerr media have intersting effect where the Husimi distribution shows ring-like shape around
the center of the phase space but nevertheless have a significantly different densities throughout the available phase
space, i.e., interaction and non-interaction regions. The effect of the matching choice the nonlinear media parameter
χ/λ on the Husimi distribution at different values Rabi angle λt points out that enhancement of entanglement depends
crucially on this suitable choice, see Figs. 4a and 12a-c.
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FIG. 10: Conour plots for Husimi Q-function for n¯ = 10, δ = 0.0, λt = 5pi/3 where (a) χ/λ = 0.0 (b) χ/λ = 0.2 (c) χ/λ = 0.5
(d) χ/λ = 1.0
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FIG. 11: The same as Fig. 10 but when δ = 10.0 and (a) χ/λ = 0.0 (b) χ/λ = 1.0
VII. CONCLUSIONS
We have considered the nature of the entanglement of output two successive atoms from a micromaser cavity for
pure states input of the atoms when the cavity distribution is coherent. We have considered two different successive
injections of the initial states of the atoms that traverse the cavity, namely, initially excited atoms and initially excited
atom followed ground one. We have examined the effect of the frequency difference between the inter-atomic frequency
and cavity frequency individually and in coexistence of nonlinear media on nonlocal atomic entanglement. We have
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FIG. 12: The same as Fig. 10 but for χ/λ = 0.5 where (a) λt = pi/6 (b) λt = pi/4 (c) λt = pi/3 (d ) λt = pi/2
also investigate the role of the Husimi Q-distribution that plays to give clearer insight about entanglement dynamics.
Our conclusions are Summarized in the following:
(i) The physical nature of the interacting objects and the character of their mutual coupling control strongly the
degree of quantum atomic entanglement, in other words, the interaction of a cavity field with two successive excited
atoms plays more efficient role in producing atomic entanglement than that of interaction with two successive atoms
traverse the cavity in dissimilar initial states.
(ii) The nonlinear medium plays an important role in producing atomic entanglement depending on the appropriate
choice of its parameter. In this case an excellent periodical entanglement can be produced with increased maximum
value comparing with the case when the nonlinear medium parameter is not appropriate or zero.
(iii) The extremely interesting is the role of the detuning parameter on producing nonlocal atomic entanglement.
When the detuning parameter is considered to be considerably high, periodical, long lived entanglement can be
obtained.
(iv) Husimi Q-distribution plays a very clear and efficient role in quantifying nonlocal atomic entanglement, where
bifurcating of Husimi Q-distribution in whole phase space and delocalization in the interaction region of the phase
space corresponding to correlations between particles and as a consequence nolocal atomic entanglement.
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